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GEOS-1 LASER PULSE RETURN SHAPE ANALYSIS

ABSTRACT

An attempt has been made to predict the shape of the laser
return pulse from the corner cube retroreflectors on the GEQOS-1
spacecraft. The study is geometrical only, and neglects factors
such as optical interference, atmospheric perturbations, etc.

A function giving the "intensity' of the return signal at any given
time has been derived. In addition, figures are given which show
the predicted return pulse shape as a function of time, the angle
between the beam and the spin axis, and an '"In-plane" angle
(designating the orientation of the intersection of the planar waves
with the plane of the corner cubes).
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GEOS-1 LASER PULSE RETURN SHAPE ANALYSIS

T. L. Felsentreger
Geodynamics Branch

INTRODUCTION

Several earth physics projects have been planned (e.g., the SAFE Experi-
ment) which will make it necessary for laser tracking of artlflciaI Earth satel-
lites to have accuracies on the order of 10 cm. or better. Present methods for
interpreting the return pulses to locate the center of mass of a satellite give
accuracies considerably worse than this, one of the major sources of error .
being the large numbers of corner cube reflectors arranged in an asymmetrical
pattern on the satellite. Additional planned modifications of the GSFC lasers
- make it possible for us to have more detailed knowledge of the shape of the
return pulse. /

The GEOS-1 spacecraft was chosen for initial study because (i) it is one ‘of
the satellites to be used in the SAFE Experiment, (ii) the corner cube reflec-
tors all lie in the plane of the base of the spacecraft, and (iii) the corner cube
reflectors are arranged symmetrically with respect to the geometric center of
the satellite's base. There are four "panels' of reflectors, two of which have
94 cubes each and the other two having 73 cubes each for a total of 334 corner
cube reflectors (see Figure 6).

It should be mentioned here that the "corners" of the cubes all lie in essen-
tially the same plane, but the tolerances exceed: the wavelength of the laser light,
Thus, the phases of the return signals from the corner cubes will be randomly
distributed, resulting in a large deviation of the "actual' return intensity from the
""theoretical" return intensity. Therefore, the theoretical return will be a ""mean"
from which the actual return deviates. The actual return will be analyzed
statistically and a mean obtained to be compared with the theoretical mean.

However, before GEOS-1 was tackled, a preliminary study was made of one
asymmetrical rectangular array of corner cubes. The following sect1on is de-

voted to a discussion of th1s study.
STUDY OF A RECTANGULAR CORNER CUBE ARRAY
The following assumptions are made ‘
1. Each corner cube reflector is hexagonally-shaped, as viewed head-on.

2. The array is rectangular with mxn cubes as shown in Figure 1,
and the "centers'' of the hexagons all lie in the same plane.

- 3. The return signals emanate from the same pomt in each cube €.8.,
the ""center' of the hexagon.



Figure 1. Rectangular Corner Cube Array

4. Each planar wave in the laser pulse intersects the plane of the array
with the angle-lzl- «, as shown in Figure 2,

5. The lines of intersection between the planar waves and the plane of
the array intersect the 2n-1 "rows' of the array with the angle B, as
shown in Figure 3.

Let d designate the distance between the centers of any two adjacent corner
cubes in any of the 2m-~1 columns (see Figures 1 and 3). Since the reflectors
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are hexagonally-shaped, the distance between two centers in the same row is
Y 3d, and there is a 30° angle between the. 'first" centers in two adJacent
columns (see Figure 3).

Let us assume that the first wave of the pulse strikes the first reflector in
the extreme right-hand column, as shown in Figure 3. From Figures 2 and 3,
it can be seen that this wave will need totravela distance of d cos B cos a to strike

o
the next reflector in this column, an elapsed time of d cos B (c = speed of
light) from incidehee with the first reflector. Similarly, an elapsed time of

2d cos B o8

for the third reflector, up to(n- l) d cosB for the last re-
flector in the first column.

COos o

For the second reflector in the first row, the elapsed time isy3 sin g8
(see Figure 3); for the thlrd reflector 2 \Fd sin ﬁ , up to(m- 1) y’-d sin [3 ¢

for the last reflector. Let us designate a reflector in the 1th column, ]th row
by (i,j). We can now specify the "elapsed times" for the reflectors along any
"diagonal" of centers. Figure 3 indicates the geometry involved and the
method of computation. Table 1 gives these elapsed times for a 3 X 3 array,
starting in the lower right-hand corner.

0S &

Let 8 =35°, a=45°. Then,

2
sin B =.5736 cos & =‘/T—= 7071
cos B=.8192 sin (30° + B) = sin 65° = .9063
Let d=3cm.,c =3 X 1010 em/sec - —-55¢ = 3 x 10-™
109 nsec nsec
dcosa (3 cm.)(.7071)
Then, = =.07071 nsec

c 3 X 10 cm/nsec

Table 2 gives the numerical values for Table 1 in this example in nanoseconds
(nsec ).

The return pulse from each reﬂector will have a time delay equal to twice
the elapsed time of incidence from the (1,1) reflector. Thus, if I1; M) is “the
function representing the intensity of the return pulse from the (1, 1) reflector
at time t, and if tjj is the elapsed time of incidence of any planar wave (for the
(i,j) reflector) from the (1, 1) reflector, then Ls (t-2t;; ) represents the intensity
of the return pulse from the (i, j) reflector at tlme t. A simple addition of all
the Ijj's at time t should give the total intensity of the return.
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Table 3. Intensities at nsec Intervals

t(nsec.) Intensity z
0 . 5000 1.17740
1 . 5704 1. 05966
2 . 6417 . 94192
3 .7120 . 82418
4 L7792 . 70644
5 . 8409 . 58870
6 . 8950 .47096
7 . 9395 . 35322
8 . 9727 . 23548
9 .9931 .11774
10 1.0000 0
11 .9931 - -, 11774
12 . 9727 : -. 23548
13 . 9395 -.35322
14 . 8950 -.47096
15 . 8409 -. 58870
16 L7792 ' -. 70644
17 ;7120  -.82418
18 . 6417 -.94192
19 . 5704 ' -1.05966
20 ..5000 -1. 17740

Let us assume that each transmitted pulse is Gaussian-shaped, beginning
at a "threshold" intensity of 1/2 the peak intensity. If we normalize the peak
intensity to the value 1, then the intensity can be represented by

I(z')=e‘12/2, ~-1.17740 <z < 1.17740,

as shown in Figure 4.



- -1.17740 1.17740 .
Figure 4. Intensity (Gaussian Distribution)

This pulse will be returned by each reflector unaltered in shapé (neglecting
interference, atmospheric perturbations, etc.). If we assume that the trans-
mitted pulse is 20 nsec long, then '

z=.11774t- 1.1774 (0<t<20)

We also assume that the return pulse is read out at one nsec mtervals hence
.the total intensity I(t) at time t is

?

1= 21, (t—zti,-) (t=0,1,2,...,20 nsec)

Table 3 gives the values of =z, I(z), and tfort=0,1,2,...,20nsec. A simple
computation shows that

z(t - 2t;) = .11774 (t 4'_2t‘;5)- 1.7774 = 2(t) - .11774 (2t;).

Table 4 gives values of z(t- 2tij),'for t= 0,1,2,...,20 nsec. Table 5 gives
values of [;; (t- 2t;;) and the total intensity I(t) for t=0, 1, 2,.. ., 20 nsec.
Figure 5 shows the intensity of the return pulse as a function of time.

GEOS-1 ANALYSIS

‘ The GEOS-1 spacecraft has four panels of corner cube reflectors, all lying
in the plane of the bottom of the spacecraft as shown in Figure 6. The 'dots"
represent the ''centers' of the-hexagonally shaped corner cubes. Panels 1 and
3 each contain 94 cubes, while panels 2 and 4 each contain 73 corner cubes.
The distance d across the "flats" of each corner cube is 2. 489 cm. There is

a 59. 06 _cni. broad band spiral antenna and a conical range and range rate
antenna which cause eclipsing of the reflectors, but this factor was ignored.
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Figure 5. Intensity of Return Pulse for Rectangular Array

We consider the line of intersection of a planar wave with the plane of the
spacecraft's base as it sweeps across the base from left to right on Figure 6.
It will intersect the indicated "rows' of reflectors in panels 1, 2, 3, and 4
with the angles 8,,8,, 85, and :f;, respectively, as shown in Figure 6. (For
convenience, a 'fictitious' row of reflectors has been created for panel 2--to
be explained later). To indicate the approach taken for analysis, the case
0 <B; < 22°.5 will be described in detail. The various cases correspond to the
different sequences in which the panels are "struck' by the line of intersection
as it sweeps across the spacecraft's base.

From Figure 6, we have

By =B, B, =B, =45°B,.

10



PANEL 4\ +Y
< .

X

PANEL 1

N
-Y \PANEL 2

Figure 6. GEOS-1 Panel Configurdfion

Thus, for 0<g; <22°.5, panel.4 will be encountered first by the line of inter-
section. The first problem is to determine the time differences between the en-
counter with panel 4 and the encounters with the other panels (or, equivalently,
the relative projected distances between panel 4 and the other panels as deter-
mined by the line of intersection). For pémels 1 and 4, we have the following
configuration:

11



PANEL 4

e
6?\_,0
%
B4
PANEL 1
We wish to determine the distance x. We have
Yy 49.2 cm. sin 3,
- = y, =(49.2 cm.) — s
sinf,  sin g, 1= ( ) sin 8,
Then, '
[ sinB,
y, =49.2 cm. - y; =(49.2cm) 1-— ,
\ sin 3,
and

X =y, sinf§, (49.2 cm.) (sin B, - sin B;).

For panels 3 and 4:

\
PANEL 3 s !

PANEL 4

12



We wish to determine x; + x,. We have

X3 + x4 =(50.6 cm.) sin §; +(49.2 cm) sin B,

For panéls 2 and 4:

PANEL 2

PANEL 4

Bq +4°.32

X =(99.9 cm.) sin 8, +4°.32)

The reflectors in panel 4 have the following configuration:
REFLECTOR 1

e

\ELI

1

/ 3 : X ° [} ° ° ° ° ° o
/ | |
REFLECTOR o o ° ° 10
1 \
VA AVAVAVAVAVAVAVAWANY
4 | \5' 6 1 2 . 3 4 5 6 7 8 9
t_ﬁz\ o DIAGONALS

Figure 7. Panel 4.

13



Using the results previously obtained for a rectangular array, we have the
following elapsed times of incidence (from the indicated reflector 1) for the re-
flectors in the various diagonals:

COs &

Diagonal 1: d [isin (30° +8,) + V3sin By ] =% i=0,1,2,3,4
Diagonal 2: id sin (30° + B,) °°CS°‘,1=0, ,...,6

Diagonai 3: d [isin (30° + B,) + cos By | ——,1=0,1,.. .6
Diagonal 4: [isin (30° + 8,) + 2 cos 8,1 2% i=0.1,.. .6
Diagonal 9:  d [isin (30° +8,)+ 7 cos B, ] =% i=0,1,...6
Diagonal 10:  d [isin (30° + ) + 8 cos §, posa L 0,1,...5

! .. ° CcCos @ |
Diagonal 11: d [isin (30 +B4)+900864]—Ci—,1=0, 1,2,3

Ccos

Diagonal 12: d [isin (30° + $,) + 10 cos 8, ] ,i=0,1

For panel 1, the reflectors have the following configuration:

14
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-] e
REFLECTOR 1 . AL :

Figure 8. Panel 1.

We have the following elapsed times of incidence (from the indicated re-
flector 1) for the reflectors in the various diagonals:

Diagonal 11 d [isin (30° +B,) + V3 sinf; | ——,i=0, 1,...,4
Cc

cos O | .
,i=0,1,...,6

Diagonal 2:  idsin (30° +8,)
c

Diagonal 3:  d [isin (30°+B,) + cos B, ] —— i=0,1,...,6
- G .

cosa
,i=0,1,...,6
c

Diagonal 4: ~ d [isin (30° + ;) + 2 cos ;]

N .. cosa .
Diagonal 11:" 'd [isin (30° +§,)+ 9 cos ;] ,i=0,1,...,6
o .
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Ccos &

Diagonal 12: d [isin (30° +$,)+ 10 cos §; ] ,i=0,1,...,5

Ccos &

Diagonal 13: d [isin (30° + ;) + 11 cos §, ] ,i=0,1,...,4
cos
Diagonal 14: d [isin(30° +6;)+ 12 cosB;] — ;. ,i=0,1,2,3

o cosa |
Diagonal 15: d [isin (30° +§;)+ 13 cos ;] T,l=0, 1,2

. o cos &
Diagonal 16: d[isin (30" +8;)+ 14 cosf3; ] ,

To refer back to reflector 1, panel 4, we add the time

(49.2 cm.) (sin B, - sin §;) e

to each of the above times.

For panel 2, we have

|\

REFLECTOR 1
[ ] ° [ . . ] . . e .

W

-
~
[ ]
[ ]
®
[
[ ]
[ ]
®
[ ]
®
[ ]
[ ]

AN

____><_____9<___

REFLECTOR 1

,\4/\/\ /\ /\ /\ /\w\ \w 13'\ .\1

rﬁ’z\

\

DIAGONALS
Figure 9. Panel 2.
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A "fictitious" row of reflectors, indicated by the x's, has been introduced here
to simplify computations. The elapsed times of incidence (from the indicated
reflector 1) for the reflectors in the various diagonals are as follows:

Cos &

Diagonal 1:  d [isin (30° +8,) +2 V3 sin g, ] ,i=1,2

Diagonal 2:  d [isin (30° +6,) +y3sinf,]1 <22 i=1,2,34
C

Diagonal 3:  id sin (30° + f,) -2 i=1,2,... 6"
- |
Diagonal 4:  d [isin (30° +8,) + cos f,] <22 i=0,1,.. .6
C

cos o

,i=0,1,...,6
c

Diagonal 11: d [isin (30° +8,) + 8 cos ;]
. . o , cosa | ,
Diagonal 12: d [isin (30" +3,)+9 cos 62]-7(:—,'; =0,1,...,4

We need to add the time

Ccos &

(99.9 cm.) sin (8, + 4°.32) .

to each of the above times to refer back to reflector 1, panel 4.

Finally, we have the following configuration for panel 3, with the introduc-
tion of fictitious reflectors indicated by x's:

17
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Figure 10. Panel 3.

The elapsed times of incidence from reflector 1 are as follows:

cos

Diagonal 1:  d [isin (30° +.f-33)+ 3 y3sin B3] - i=0
Diagonal 2: d[isin (3'0° +8;) + 2 Y3 sin 63] ES-S-Of, i=0,1,2
Diagonal 3:  d [isin (30° + ;) + Y3 sin B; ] °°CS-°‘, i=1,2,3;4
Diagonal 4: id éin (30° ;i-_ﬂ3) cos 2 ,1=2,3,...,6

Diagonal 5: d [isin (30_° +B3)+ cos 5] cos a., i=_ 1, 2, .6

. . o ‘ .cosa )
‘Diagonal 6: d [isin (30" + 33) + 2 cos B3] . ,i=0,1,...,6

18



. a »
Diagonal 15:  d [isin (30° +B;)+ 11 cos ;] ———,i=0,1,...6 .
C . N v

cos o

,i=0,1,...,4

Diagonal 16:  d [isin (30° + $5) + 12 cos B;]

To each of the above times, we add

COos «

[(50.6 cm.) sin'ﬁ3 + (49.2 cm.) sin [34]
to refer back to reflector 1, panel4.

This completes the analysis for 0 <f, <22°.5. Panel 4, reflector 1 is en-
countered first; panel 1, reflector 1 second; panel 3, reflector 1 third; and
panel 2, reflector 1 fourth (for B; =0°, panels 1 and.3, reflectors. 1 are encoun-
tered simultaneously; and for §; =22°5, panels 1 and 4, reflectors 1, are
encountered simultaneously).

Case (ii) 22°.5 <B, <45°

In this case, the same panel configurations as for case (i) are used.  How-="'
ever, panel 1 (reflector 1) is encountered first, so all times are referred back
to this reflector. The following times need to be added to the elapsed times for
the various panels: - o : ' R

cos o

panel 41 (49.2 cm.) (sin B, - sinB,)

COs &

panel 3: (99.7 cm.) sin Bl

" cos @

panel 2:  [(59.8 cm.) sin §, + (57.8 cm.) sin 6, |

As in case (i),
By =By,B, =8, f45°‘ By.

When §, = 26°.85, panels 2'and 3 are encountered simultaneously.

19



Case (iii) 45° <, <90°.

Panel 1 is still encountered first. However, for panels 2 and 4 different
(fictitious) reflectors are chosen as reference reflectors 1 to ease the computa-
tion. For panel 4, refer back to Figure 7--the reference fictitious reflector is
reflector 1', and the diagonals are indicated by primes also. The elapsed

times are:

Diagonal 1':

Diagonal 2';

Diagonal 3':

Diagonal 4':

Diagonal 5':

Diagonal 6':

Diagonal 11°':
Diagonal 12':
Diagonal 13':

Diagonal 14':

cos o |

» 15

d [isin (30° + B3) + 3 V3 sin §} ]
d [isin (30° +6) + 2 V3sin )] 2% =01, 2
[

d [isin (30° +84) + Y3 sin 8, ] °°(%°‘,i=1,2,3,4

id sin(3o°+5;)coc—s°‘,i=2,3,...,6

COs o

d[isin(30°+ﬁ",)+cosﬁ;] yi=1,2,...,6

d [isin (30° + 8}) + 2 cos g} ] =%

,i=0,1,...,6

d[isin(30°+B;)+7cos[3f,]c—°§£,i=0, 1,...6

d[isin(3o°+ﬁ;)+8cosﬁ;1°°C—S°‘,i=o, 1,...5

d [isin (30° + B} ) + 9 cos 6, °°—cs‘f,i=o, 1,2,3

d [isin (30° +8;)+ 10 cos B4 ] <=2

,1=0,1

20



To refer back to panel 1, reflector 1, add the time

COs @

[(49.2 cm.) sin B, +(35.9 cm.) sin 8,1
to each of the above elapsed times.

For panel 2, refer back to Figure 9--the reference fictitious reflector is
reflector 1'. The elapsed times are

Cos

Diagonal 1':  d [isin (30° +8}) + 2 ¥3 sin g} ] ,i=1,2
Diagonal 2':  d [isin (30° + B3] + Y3 sin 8] 2% i=1,2,3, 4
Diagonal 3':  id sin (3o°+5'2)°°c‘°’°‘,i= 1,2,...,6

biagonal 4':  dlisin(30° +8)) +cos )1 5% i=0.1,.. .6
Diagonal 9':  d [isin (30° +B,) + 6 cos 851 cosoz, i=0,1,...,6
Diagonal 10'; d[isin(30°+B'2)+7cosB'2]Co:a,i=0,1,...,5
Diagonal 11': d [isin (30° + )+ 8 cos 8} ] °°S°‘,;=o, L..,4
Diagonal 12': d [isin (30° +8})+9 cos 8,1 =% i=0.1,2, 3

Diagonal 13': d [isin (30° + )+ 10 cos 8] =2 i=0, 1,2
c :

COs «

Diagonal 14': d [isin (30° +83) + 11 cos B} ] ,i=0.

21



To refer back to panel 1, reflector 1, add

[(59.8 em.) sin B, ~ (71.2 cm.) sin ;] 5%

to these elapsed times. The relations between panels 1 and 3 remain the same
as in case (ii). When B = 49°.32, panels 2 and 4 are encountered simul-
taneously. In addition, we have

33 :61,ﬁ'2 =B4'1 =B1 - 45°.

Case (iv) 57°.73<90°.

Refer back to Figures 8 and 10 for the new configurations for panels 1 and
3. The elapsed times will be the same as in case (i) for panels 1 and 3, with
By =B},B; = B3, and the diagonals numbered with primes. The elapsed times
for panels 2 and 4 will be the same as in case (iii). Also,

By =B, By =By = 135°-].
Panel 1, reflector 1' will be encountered first—at B'l =57°.73, panels 1 and 2

will be encountered simultaneously. The following times need to be added to
the elapsed times for the various panels:

COos

panel 2: [(24.4 cm.)sin 8] - (21.2 cm.) sin 8,1

COos &

panel 4: [(13.5 cm.) sin B, +(86.2 cm.) sin B,]

COos &

panel 3: (99.7 cm.) sin g

Case (v) 45° <p; <57°.73

Same as case (iv), except that panel 2 is encountered first. Add the follow-
ing times to the elapsed times for the various panels: .

COS &

panel 1: [(21.2 cm.) sin B85 - (24.1 cm.) sin 8]

COs

panel 3: [(21.2 cm.) sin B3 +(75.6 cm.) sin 831

22



cos ¢

panel 4: (99.9 cm.) sin (8 + 4°.32) .

Case (vi) 0 <p) <45°

Panel 2 is encountered first, and the configurations and elapsed times for
panels 1 and 3 are the same as in casés (iv) and (v). However, panels 2 and 4

are changed as follows--for panel 2:
DIAGONALS

10" gi‘. 8'\'\ 7&. 6&. 5<‘. K‘. 3&.’
\

. . . . ° ] ]
1" . e o * . LI (]
\o . ° ] ° o ]
12" ® o ° ) L ° °
° . ° . . ™ .
. ] . . . ] .

2&. 1i‘.

N

REFLECTOR 1:’

Figure 11. Panel 2.

The elapsed times of incidence are:

cos o, |

, 1=

Diagonal 1'': d [isin (30° +85) + Y3 sin §}]

Diagonal 2i:  ig sin (30° + 87) % i=0,1,...,6

p

0,1,...,4 "

‘Diagonal 3" q [i sin (30° + ) + cos By] ——,i=0,1,...,6

COSs X
—, 1
C
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Diagonal 9'':

Diagonal 10'":

Diagonal 11"
Diagonal 12"

For panel 4:

N

COos x

d lisin (30° +B5) + 7 cos 51 222 i=0, 1, , 6
d [i sin (30° + B))+ 8 cos B 3°cs—°‘ i=0,1,...,5
: d Lisin (30° + )+ 9 cos 81 5% i= 0,1, 2.3
: d.lisin (30° + 85 + 10 cos ;] °°:°‘,i= 0,1
DIAGONALS

N

Figure 12, Panel 4.
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The -elapsed times of incidence are:

COos «

Diagonal 1'': d [isin (30° + 8) +2 ¥3sin g1

i=1,2
i
' . ’ OS X
Diagonal 2'": d [isin (30° +8})+ Y3sin /] ——,i=1,2,3,4
Diagonal 3'"": idsin 30°+8)) % i=1,2,.. .6
C

-r' 1y COS.OX
Diagonal 4" d[iSin(30°+B4’t)+cosﬁ4] z ’l=0s1’-°"6

" " cosa
Diagonal 11'': d [isin (30° + ;) + 8 cos 4] T,l=0, l,...,6

. , L e . COSQL .
Diagonal 12'': d'[isin (30° +8;) + 9 cos 8] __c—"1=0’ 1,...,4

For this case,
By =B, By =By =45 + ).

The following times are to be added to the elapsed times for the various
panels: '

" ., . COS U
panel 1: [(49.4 cm.) sin B, - (64.0 cm.) sin § ]

o ‘ ., . Cos«X
panel 3: [(49.4 cm.) sin B, +(36.0 cm.) sin f,]

Ccos &

panel 4:  (99.9 cm.) sin (c4 + 4°.32) .
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CONCLUSIONS

Figures 13 through 24 show the predicted return intensities for GEOS-1
for the various cases discussed. In these figures, 6 is the angle between the
laser beam and the spin axis of the satellite. For 6 =0°, each of the 334
corner cube reflectors is encountered simultaneously by the laser beam--thus,
the normalized peak return intensity is 334 at the 10 nsec. mark. For any g+ 0°,
the peak intensity will occur at some time later than 10 nsec. and will have a
value less than 334; the difference between this time and 10 nsec. is the time
between the first encounter of a planar beam wave with a reflector and the
last encounter (or, alternatively, twice the time between the wave's first en-
counter with a reflector and its encounter with the geometric center of the
base of the satellite). The maximum time differential is about 3-4 nsec., or
iabout 1 meter in distance. '

Variation in the in-plane angle §, causes time differences of a fraction of
a nanosecond, and are therefore negligible. Thus, for a given 6 (which is de-
terminable from attitude and elevation information), one can determine the
time of peak return intensity, which corresponds to the geometric center of
the base of the spacecraft,
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